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Abstract
Analytical solution of Weyl neutrino wave equation in Kerr geometry is presented by making
use of the two-spinor component spin-coefficient Newman-Penrose (NP) calculus. So far only
asymptotic or approximate solutions have been found for the Weyl equation in this background.
It is shown that neutrino current asymmetry is also present in this solution. PACS numbers:
0420, 0450
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Earlier Chandrasekhar [1] has shown that the Weyl neutrino wave equation in Kerr geo-
metrical background can be separated in oblate coordinates and an approximate solution has
been found. Although Chandrasekhar has made use of the NP calculus as well we show here
that he failed in finding a analytic solution for this problem because of an inapropriate choice
of coordinates. As an astrophysicist he used the well known Boyer-Lindquist coordinates [2]
suitable for black holes investigations. Here we show that the use of the powerful mathemat-
ical tool of NP calculus allied with the Vaidya-Patel [3] null coordinates help us to find an
analytical solution for the problem using the simple and well known method of the separation
of variables. This problem seems to be important for General Relativity (GR) and astrophysics
since can avoid sometimes the use of complicated approximate methods such as numerical
calculus , although this method is useful in many realistic situations. With our solution no
need is made to solve the Teukolsky [4] equation for the specific case of spin-1
2
particles. We
also show that neutrino asymmetric currents [5] are present in this solution. The neutrino
equations
∆ψ = (γ − π)ψ (.1)
δ¯ψ = (α− µ)φ (.2)
Here ψ is the neutrino field obtained by making use of neutrino spinor
ψA = (ψ)iA (.3)
where iA is a spinor basis dyad. From this tetrad we can obtain the following differential
operators
δ = −
ρ¯
√
2
(iasinx
∂
∂u
+
∂
∂x
+ icosecx
∂
∂y
) (.4)
∆ = ρ¯ρ[−Υ
∂
∂r
+ Ω
∂
∂u
+ a
∂
∂y
] (.5)
where we made use of the variables
Ω = r2 + a2 (.6)
and
Υ =
r2 + a2 − 2mr
2
(.7)
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Note that here the neutrino field ψ depends on the null coordinate u since although the Kerr
metric [6] does not depend on u the neutrino is a wave and does depend on this coordinate.
The spin coefficients appearing in the Weyl equation are given by
α− π = −β¯ =
cotxρ
2
√
2
(.8)
and
γ − µ = [r −m]
ρρ¯
√
2
(.9)
Substitution of these operators into the Weyl equations yields the following system of PDE
iasinx
∂ψ
∂u
−
∂ψ
∂x
+ icscx
∂ψ
∂y
= cotxρψ (.10)
−Υ
∂ψ
∂r
+ Ω
∂ψ
∂u
+ a
∂ψ
∂y
=
[r −m]
√
2
ψ (.11)
To obtain the solution let us make the following ansatz
ψ(u, r, x, y) = eiΛuR(r, x, y) (.12)
where c is a constant. This ansatz represents a plane wave representation. This ansatz reduces
the partial differential equation to
(acsinxR +
cotx
2
)R +
∂R
∂x
= icscx
∂R
∂y
(.13)
Υ
∂R
∂r
− (icΩ +m− r)R = a
∂R
∂y
(.14)
Let us now try to further reduce this system by making the separation of variables
R(r, x, y) = A(r)B(x)C(y) (.15)
Substitution of this expression into the PDE yields
Υ
A
dA
dr
− (icΩ +m− r) = a
dC
dy
= c0 (.16)
(c0cscx− acsinx−
cotx
2
) =
1
B
dB
dx
(.17)
where here c0 represents the separation variables constant. These equations can be immea-
diatly integrated and collecting them we finally obtain the neutrino wave function in Kerr
geometry
ψKerr(u, r, x, y) =
1
2
eacosx−i[c0y+c((r−u)+lnΥ
m+(2m2−ac0)Γ)]
Υsin
1
2
(.18)
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where Γ =
arctan
(r−m)√
Θ√
Θ
where Θ = a2 −m2. By considering the neutrino current defined as
Jµ = ψψ¯lµ (.19)
where lµ is a tetrad leg of the tetrad frame (lµ, nµ, mµ, m¯µ). one obtains the following neutrino
current in Kerr background
Jµ = Υ−2
ea
2cos2x
4sinx
lµ (.20)
where to simplify the expression we consider c0 = 0. One notices from this current that
the neutrino asymmetry [7] is present in the Kerr background since the signe of the angular
momentum density of the black hole a = J
m
changes the neutrino current. Since the Einstein-
Weyl equation is known to be equivalent to the Einstein-Cartan-Weyl [8, 9] ,the solution
presented here can be useful in constructing solutions in spacetimes with torsion. In this
case the neutrino current could be expressed in terms of the Cartan contortion as Kαβλ =
kǫαβλθJ
θ. To resume we have shown that a analytical solution of neutrino wave equations in
Kerr geometry is possible by a proper choice of null coordinates used by Vaidya and Patel in
the construction of Kerr radiative spacetimes, since this solution reduces to the Kerr solution
in the constant mass case.
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